Secondary microseism sources are pressure fluctuations close to the ocean surface. They generate acoustic P waves that propagate in water down to the ocean bottom where they are partly reflected and partly transmitted into the crust to continue their propagation through the Earth. We present the theory for computing the displacement power spectral density of secondary microseism P waves recorded by receivers in the far field. In the frequency domain, the P-wave displacement can be modeled as the product of (1) the pressure source, (2) the source site effect that accounts for the constructive interference of multiply reflected P waves in the ocean, (3) the propagation from the ocean bottom to the stations and (4) the receiver site effect. Secondary microseism P waves have weak amplitudes, but they can be investigated by beamforming analysis. We validate our approach by analysing the seismic signals generated by typhoon Ioke (2006) and recorded by the Southern California Seismic Network. Backprojecting the beam onto the ocean surface enables to follow the source motion. The observed beam centroid is in the vicinity of the pressure source derived from the ocean wave model WAVEWATCH III R . The pressure source is then used for modeling the beam and a good agreement is obtained between measured and modeled beam amplitude variation over time. This modeling approach can be used to invert P-wave noise data and retrieve the source intensity and lateral extent.
I N T RO D U C T I O N
Seismic noise is the continuous oscillation of the ground recorded by seismometers worldwide (Gutenberg 1936; Webb 1998; Stutzmann et al. 2000 Stutzmann et al. , 2009 Berger 2004) . Ocean waves generate most of the noise energy in the period band 1-300 s but depending on the period, different source mechanisms and/or ocean waves are involved (Longuet-Higgins 1950; Hasselmann 1963; Ardhuin et al. 2015) . Seismic noise can be divided in three period bands and it is called secondary microseisms, primary microseisms and hum in the period bands 1-10, 10-20 and 20-300 s, respectively. In the period band 1-10 s, the secondary microseism sources are pressure fluctuations close to the ocean surface. These pressure sources result from the so-called secondary mechanism, that is non-linear interactions of ocean gravity waves having similar frequencies and coming from nearly opposite directions (Longuet-Higgins 1950; Hasselmann 1963; Ardhuin et al. 2011) . At longer periods (10-20 s), primary microseism sources are pressure fluctuations located only close to the coasts. These pressure fluctuations occur at the ocean bottom and result from the so-called primary mechanism, that is, the direct coupling between ocean gravity waves and the bathymetry in shallow water (Hasselmann 1963; Ardhuin et al. 2015) . At even longer periods (20-300 s), the hum source location and mechanism have long been debated (e.g. Fukao et al. 2002; Rhie & Romanowicz 2004; Tanimoto 2007; Webb 2008; Nishida 2013; Traer & Gerstoft 2014) . Recently, Ardhuin et al. (2015) showed that the primary mechanism applied to infragravity waves is presumably the source mechanism of Rayleigh waves in the hum period band. In that case, a pressure source at the ocean bottom is generated by the interaction of infragravity waves with the continental shelf. Long-period Love waves have also been detected (e.g. Kurrle & Widmer-Schnidrig 2008; Nishida et al. 2008 ) but they cannot be generated by pressure sources and complementary source mechanisms have to be considered. Fukao et al. (2010) and Nishida (2013) proposed that Love wave sources are random shear tractions at the ocean bottom due to the non-linear topographic coupling of infragravity waves.
In this paper, we focus on noise P waves in the period band 1-10 s, that is, on noise body waves generated by ocean gravity waves interacting through the secondary mechanism. The corresponding ocean wave phenomena can be classified into three sea-state configurations (Ardhuin et al. 2011) . The first configuration (class I) occurs when a storm has a wide angular distribution, with ocean gravity waves coming from many different azimuths. In this case, the interacting waves are in the vicinity and/or inside the storm. For what concerns the second sea-state configuration (class II), ocean gravity waves reaching the coast are reflected back and interfere with the upcoming ocean gravity waves. The corresponding interaction area is confined close to the coast. The third sea-state configuration (class III) relates to interactions of ocean gravity waves coming from different storms.
Whatever source class, ocean gravity wave interactions can be approximated by pressure fluctuations close to the ocean surface (Hasselmann 1963; Gualtieri et al. 2015) . These pressure fluctuations generate acoustic P waves which propagate in the ocean. When the P waves reach the ocean bottom, they are partly reflected and partly transmitted into the crust and they continue their propagation through the Earth (Ardhuin & Herbers 2013; Gualtieri et al. 2014) . Both body waves and surface waves are generated at the ocean bottom but body waves have a much smaller amplitude than surface waves and cannot be directly observed on seismograms (Stutzmann et al. 2012; Gualtieri et al. 2013) .
Noise body wave characteristics can be extracted by stacking signals recorded by an array of stations. Beamforming techniques have been extensively used for determining noise wave types and source location. The first noise P-wave source detections were reported more than 50 yr ago (Haubrich et al. 1963; Lacoss et al. 1969) . Vinnik (1973) used secondary microseism P waves recorded in central Russia to estimate the force source associated with medium power cyclones. More recently, several studies demonstrated that a significant amount of P-wave microseism energy is generated far from the coast in deep oceans (e.g. Gerstoft et al. 2008; Koper et al. 2009 Koper et al. , 2010 Landès et al. 2010; Obrebski et al. 2013) . Sources of body waves have also been associated with specific storms (e.g. SchultePelkum et al. 2004; Gerstoft et al. 2006; Koper & de Foy 2008; Zhang et al. 2010a,b; Davy et al. 2014) . Gal et al. (2015) further showed that P waves recorded in Australia are mostly generated close to the coast at periods shorter than 2 s and in deep water at longer periods.
In this paper, we focus on the amplitude of P waves in the secondary microseism period band. In Section 2, we present the theory for computing the power spectral density (PSD) of the P-wave displacement recorded by an array of seismic stations and due to secondary microseism sources. In order to validate our computation, we analyse in Section 3 the well-documented typhoon Ioke which occurred in 2006 (Zhang et al. 2010a,b; Gualtieri et al. 2014) and generated seismic signals recorded by the California network (CI) over several days. We compute the beam per day and backproject the beam centroid onto the ocean surface in order to make a comparison with the pressure PSD model derived from the ocean wave model WAVEWATCH III R (Tolman 2009; Ardhuin et al. 2011; Rascle & Ardhuin 2013) . We follow the P-wave source over several days and investigate the related intensity variations. We compare observed and modeled beam PSD amplitudes and lateral extent. The good agreement between them validates our modeling approach.
M O D E L I N G N O I S E P -WAV E A M P L I T U D E
In this section, we present the modeling of P waves recorded in the far field and generated by the secondary mechanism, that is by ocean wave interactions close to the ocean surface (LonguetHiggins 1950; Hasselmann 1963) . The P-wave amplitude recorded at receivers in the far field depends on: (1) the source magnitude, (2) the source site effect that takes into account the propagation within the water layer, (3) the propagation from the ocean bottom to the receiver and (4) the receiver site effect.
In this paper, we use the Fourier transform sign convention used by engineers for signal processing. Therefore, the Fourier transform of the function p(t) is given by:
Secondary microseism sources
Secondary microseism sources in the period band 1-10 s are due to non-linear interactions between ocean gravity waves and can be represented as a random pressure field, P(x, f), acting at the ocean surface (Hasselmann 1963) . The pressure field varies with the seismic frequency f, which is twice the frequency of the interacting ocean waves. The PSD of this random pressure field,
, as a function of the 2-D spatial coordinate vector x and frequency f, is given by (Hasselmann 1963; Ardhuin et al. 2011) :
where ρ w is the water density, g is the gravity acceleration, f/2 is the ocean wave frequency, E(f/2) is the sea surface elevation PSD (in m 2 s) and M(f/2, φ) is the non-dimensional ocean gravity-wave energy distribution as a function of ocean wave frequency f/2 and azimuth φ.
Eq. (1) is derived from eq. (2.15) in Hasselmann (1963) , which gives the pressure PSD F p (K, ω) as a function of angular frequency ω = 2π f and horizontal wavenumber K. K is the sum of the wavenumbers of two ocean gravity waves with frequency f/2 and traveling in opposite directions. Using statistical hypotheses about the ocean wave spectrum, Hasselmann (1963) showed that the pressure PSD F p (K, ω) is independent of the horizontal wavenumber K; therefore, the random pressure field P(x, f) is white in the space domain, which means that pressure sources at two different locations are independent and
where cornered brackets denote ensemble mean, x and x are 2-D position vectors andP(x, f ) denotes the complex conjugate of P(x, f).
Source site effect
Pressure sources at the ocean surface generate only P waves that propagate down to the ocean bottom. In the ocean layer, upgoing P waves are generated by reflection at the seafloor and downgoing P waves by reflection at the free surface. Gualtieri et al. (2014) computed the source site effect as the constructive interference of multiply reflected plane P waves in the ocean that are converted to either P or SV plane waves at the ocean-crust interface. They showed that the ocean site effect on the transmitted plane P-wave potential can be written as:
where i w is the plane P-wave take-off angle in the ocean, h is the water depth at the source location and ω is the seismic angular frequency. T P (i w ) and R P (i w ) are the P-wave potential transmission and reflection coefficients at the seafloor, respectively. The phase shift φ w (h, ω, i w ) is due to propagation within the water layer and is defined as:
where α w is the water P-wave velocity. Let us note that, because we do not use the same Fourier transform sign convention as in Gualtieri et al. (2014) , we have changed the sign in front of the phase shift in eq. (3). Gualtieri et al. (2014) showed that the source site effect strongly depends on frequency and ocean depth. The same result was derived with a local mode formalism by Ardhuin & Herbers (2013) . The ocean site effect on P waves also depends on the take-off angle, that is, on the distance between the source and the receiver. Fig. 1 shows the modulus of the source site effect |C P | for sources in the Western Pacific Ocean and receivers in California. The source area is in the vicinity of the typhoon Ioke track (2006 September 2-5) studied in Section 3. The typhoon track (black line) is defined as the maxima of the significant wave height over time. In the vicinity of the typhoon track, the maximum source site effect is at a period of 5 s, at which it varies between 0.9 and 3.4. At shorter (4 s) and longer (6 s) periods, the modulus of the source site effect is mostly lower than 1.
P-wave vertical displacement in the far field
The pressure sources at seismic frequency f due to non-linear interactions among ocean gravity waves at frequency f g = f/2 are located within a layer at the top of the ocean. The thickness of this layer is comparable to the wavelength λ g of the ocean gravity waves, which satisfies the deep water dispersion relation (2π f g ) 2 = 2π g/λ g . At the periods we are interested in, the layer thickness is much smaller than the seismic wavelength. For example, at the seismic period of 5 s, the layer thickness is around 160 m to be compared to the seismic wavelength λ s in water which is 7.5 km.
By using the elastodynamic representation theorem (Aki & Richards (2002) , eq. 2.43), one can write the displacement in the far field as the sum of two terms: one is a volume integral over pressure sources inside the ocean and the other one is a surface integral over the vertical tractions induced by pressure fluctuations on the ocean surface. Using the Green's function satisfying the free-surface condition on the ocean surface in the elastodynamic representation theorem, one can verify that the volume integral term is of the order of (λ g /λ s ) 2 smaller than the surface integral term (see also Hasselmann (1963) , section 2). As only the surface integral term contributes to the expression of the displacement given by the representation theorem, we compute the displacement in the far field only due to vertical tractions acting on the ocean surface.
Let us consider a single pressure source P(x s , f) acting on a small surface S centred at x s on the ocean surface. By using the ray theory approach (see Appendix), one can show that the P-wave vertical displacement at a receiver x r located on the free surface in the far field is given by:
where α c is the crust P-wave velocity, ρ c and ρ w are the crust and water densities. Let us describe eq. (5). For P-wave modeling in the far field, multiplying the pressure source with the source site effect,
, is equivalent to consider a vertical force source at the top of the crust layer and propagation of the generated P waves through an Earth model without ocean. The factor 2 is introduced to take into account that the pressure source is at the ocean surface.
Considering this vertical force source at the top of the crust layer, seismic waves propagate through the solid Earth to the receiver. In a homogeneous medium, for example a homogeneous crust, the amplitude of the P-wave displacement due to a unit vertical force at a distance r is given by the expression (Aki & Richards 2002) :
where i c is the take-off angle of the ray in the crust. Considering the propagation in a spherically symmetric Earth model, the geometrical term 1 r is replaced in eq. (5) by
where J E P is the geometrical spreading given by eq. (A4), and t * P is the seismic attenuation term along the P-wave ray path. The coefficientT E P is the product of the normalized P-wave transmission coefficients corresponding to all the discontinuities encountered by the P-wave ray along its trajectory inside the Earth. In the phase term e −2iπ f t P (xs,xr) of eq. (5), t P (x s , x r ) is the P-wave traveltime between the source at x s and the receiver at x r .
The factor [2cos (i r )] in eq. (5) is the receiver site effect needed to obtain the vertical displacement recorded by a receiver located on the free surface, where i r is the ray incident angle at the receiver. The angles i w , i c and i r (take-off angles of the ray in the ocean, in the crust under the seafloor, and at the receiver, respectively) are related by the Snell's law:
If pressure sources are distributed along the ocean surface, eq. (5) can be generalized as:
where the amplitude term is given by:
and the double integral is computed over the ocean surface. If independent pressure sources at the ocean surface are considered, using eqs (2) and (7), one can write the PSD of the P-wave vertical displacement (m 2 s), at a given seismic frequency f, as:
Beamforming expression of the P-wave vertical displacement
In the following, we use the beamforming approach to detect P waves and measure their amplitudes recorded by the CI network. We define the vertical displacement beam PSD (m 2 s) at a given angular frequency ω and horizontal slowness vector s, as follows:
where N s is the station number, S j (ω) represents the vertical displacement spectrum u Z (x j , ω) recorded at the jth station, s is the horizontal slowness vector toward the source, x j is the position vector of the jth station and x c is the position vector of the network centre.
Assuming that the stations forming the array are not too far away from each other, one can use the following approximations for the amplitude and traveltime of P waves generated by a point source at x s :
where s c (x s , x c ) is the P-wave horizontal slowness vector (pointing toward the source) at the network centre. The beam PSD (10) of the vertical displacement due to a noise source extended within a small surface S centred at x s , can be written by using eqs (5), (8) and (11):
where R(ω, s) is the so-called array response,
Considering independent pressure sources at the ocean surface, and using eqs (7), (8) and (11), we can write the beam PSD of the 
M O D E L I N G O F T Y P H O O N I O K E P -WAV E S
In order to validate our theoretical computation, we analyse Pwaves generated by typhoon Ioke (September 2006) in the Western Pacific and recorded by the CI network. This network consists of 48 stations and it has a lateral extent of about 600 km (Fig. 2a) . Fig. 2(b) shows the array response at a period of 5 s. If we define the beam slowness resolution as the spike width at half of the beam maximum, we obtain 0.009 s km −1 . It corresponds to a spatial resolution of about 1390 km at a distance of 75
• . If we consider the beam width at 80 per cent of the maximum, we obtain 0.005 s km −1 , which corresponds to a spatial resolution of 830 km. Data processing is as follows. The vertical component seismic data with 1 Hz sampling rate are selected. They are demeaned and deconvolved with the instrument response and converted to displacement. Time-series corresponding to earthquakes of magnitude greater than 5.5 are removed from the data set and visual inspection is performed in order to remove earthquakes of smaller magnitude (if present). For each 512 s time window, the average spectrum amplitude is computed over all stations and data are discarded when their spectrum amplitude is larger than the mean plus twice the standard deviation. This enables to remove glitches and other anomalous signals. Beam PSDs are then computed using eq. (10) with non-overlapping time windows of 512 s and averaging over 9 hr.
Typhoon Ioke was first analysed by Zhang et al. (2010a,b) who used a beamforming approach on the CI network data to follow the P-wave source generated by the typhoon from 2006 September 1 to 7. Gualtieri et al. (2014) further showed that theory predicts that both P and S waves are generated in the vicinity of the typhoon and at the same location, but only P waves could be detected because the S-waves amplitude was below the beam noise level. Hereafter, we quantitatively compare observed and modeled P waves generated by typhoon Ioke. Backprojecting slownesses associated with the beam maxima by ray tracing in the IASP91 model (Kennett & Engdahl 1991) , we get the source location. Source maps from 2006 September 2 to 5 are plotted in Fig. 5 . Red crosses correspond to the beam centroids and red contours correspond to beam amplitudes larger than 0.8 times the corresponding maximum. We observe that the detected sources are located in the vicinity of the typhoon track (black line), which was computed as the maximum significant wave height location over time. For a given time, the source detected by beamforming analysis is located behind the significant wave height maximum (black dots) and slightly to the left of the typhoon track. Indeed, the typhoon generates ocean waves at a given location at time t 1 , which propagate and can meet with ocean waves generated by the typhoon at a different location at time t 2 . The microseism source is located where these waves meet, that is behind the typhoon and in the vicinity of its track (Longuet-Higgins 1953) . It is also confirmed by the source model derived from the ocean wave interactions. Fig. 5 also shows the modeled body wave sources (Pa 2 m 2 s). They are computed as the product of the pressure PSD (eq. 1) and the squared modulus of the P-wave source site effect (eq. 3). The pressure PSD is obtained from the global scale ocean wave model WAVEWATCH III R (Tolman 2009; Ardhuin et al. 2011; Rascle & Ardhuin 2013) , which has a constant resolution of 0.5
• both in latitude and longitude. The ocean wave model enables to take into account all possible ocean wave interactions: within a storm, between distant storms and those generated at the coast between incident and reflected ocean waves. We checked that the pressure source in the area of interest is created only by interactions of ocean waves associated with the typhoon and that sources generated by coastal reflections are negligible. The interactions of ocean waves generated by the typhoon create a pressure source with an elongated shape located not exactly along the typhoon track but further south on September 2 to 4 and further west on September 5. The source elongated shape is related to the curvature of the typhoon track and its speed. Indeed, it is a well-known feature of tropical storms that the ocean waves are very different on the different sides of the storm, as a function of the storm displacement speed. In particular, the 'left-rear quadrant' (when looking in the storm displacement direction) usually has crossing seas with ocean waves coming from opposite directions (Wright et al. 2001; Holthuijsen et al. 2012) . This is because the storm usually travels faster than the ocean wave group velocity and thus overtakes the waves previously generated that radiate as swell. In the left-rear quadrant, the ocean waves generated by the winds propagate in the opposite direction to swells coming from a previous position of the storm. The model predicts a maximum pressure source in the region with waves coming from opposite directions, and that maximum is thus shifted with respect to the typhoon position at the same time. This shift is consistent with the beam maximum location observed on Fig. 5 .
The modeled pressure PSD is smooth. Multiplying the pressure PSD by the squared modulus of the source site effect, |C p | 2 , modifies the source amplitude by a factor 0.77-11.5 and introduces roughness in the source model related to the local bathymetry below the pressure source (Fig. 1) . The bathymetry is taken from ETOPO1 model (Amante & Eakins 2009 ) smoothed on a grid of 0.5
• both in latitude and longitude.
Red contours in Fig. 5 correspond to the backprojection of the beam amplitudes larger than 0.8 times the corresponding maximum. Contours are plotted only for comparison with the modeled sources (colour map in Fig. 5 ) and illustrate that the modeled source has a smaller lateral extent but is consistent with the observed source. The large size of the red contour, about 1000 km wide, is the result of the convolution between the array response and the extended source. The source lateral extent is about 800 km long and the beam array response resolution is about 1000 km.
We computed synthetic beams associated with the modeled source using eq. (14). The amplitude term in eq. (14) is calculated by ray tracing in the IASP91 model (Kennett & Engdahl 1991) . The attenuation term t * P is computed for the attenuation model of Montagner & Kennett (1996) using the software developed by Herrmann (2013) . Synthetic beams are plotted in Fig. 4 computed in the slowness range ±0.08 s km −1 (e.g. Fig. 3 ). Fig. 6 shows that the trend is similar between real and synthetic beams and that the order of magnitude is the same. The amplitude of the modeled beam is underestimated by a factor that ranges from 1.2 to 1.9. The discrepancy between the real and modeled beams seems to be correlated with the noise level in Fig. 4 . It is also within the uncertainty of the ocean wave model for large storms, and within the uncertainty of the seismic modeling, in which accurate crustal models under the source and under the seismic array have not been taken into account.
We also computed the beam for periods from 3 to 10 s (with a step of 1 s) and we observed a beam maximum with a high signalto-noise ratio that could be associated with Ioke only at 5 s period. We checked that both the modeled pressure PSD and the source site effect are the largest at period of 5 s with respect to other periods. For example, on September 3, the ratio of modeled pressure PSD at 5 and 4 s (6 s, respectively) is equal to 2 (8, respectively). The squared ratio of the source site effect modulus is about 36 between periods of 5 and 4 s or 6 s. The beam maximum amplitude is proportional to both effects, which explains why the beam maximum is mostly visible with a high signal-to-noise ratio at period of 5 s.
C O N C L U S I O N S
Secondary microseism body waves are weak signals that cannot be directly observed on seismograms but can be investigated by beamforming analysis. In this paper, we presented the theory for modeling the secondary microseism P-wave amplitude recorded by an array of stations. We showed that the P-wave displacement in the far field can be computed in the frequency domain as the product of (1) the pressure source, (2) the source site effect that accounts for the constructive interference of multiply reflected P waves in the ocean, (3) the propagation term from the ocean bottom to the seismic stations, (4) the receiver site effect. We applied this approach to model the beam temporal variation corresponding to signals recorded by the CI network in California and generated by the typhoon Ioke in 2006 September. We showed that the beam centroid is located in the vicinity of the pressure source derived from the ocean wave model. Furthermore, we observed that the beam uncertainty area is about 1000 km that is wider than the ocean wave model source area. In the slowness domain, there is a good agreement between the real and modeled beam extent. Although the beam amplitude is slightly underestimated with respect to the one obtained by beamforming analysis, the amplitude difference is within the uncertainty of the ocean wave model and errors due to the 1-D Earth model. This forward modeling will be used in future studies to invert P-wave noise data and retrieve source intensity and lateral extent. It can also be easily adapted to model secondary microseism S waves or other body wave phases.
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A P P E N D I X : R AY-T H E O R E T I C A L P -WAV E D I S P L A C E M E N T F O R A P R E S S U R E S O U RC E A C T I N G O N T H E S E A S U R FA C E
Let us consider a pressure source P(x s , f) acting on a small surface S centred at x s on the ocean surface.The medium below the source is a horizontal water layer over a smoothly inhomogeneous medium with crust seismic properties under the seafloor. We assume that a receiver is located in the far field. Using the ray theory approach (Cerveny 2001) , we can write the vertical component of the displacement due to P waves generated by the vertical force acting on the surface S and transmitted to the receiver as:
where ρ w , α w , ρ c , α c , ρ r , α r are the density and P-wave velocity in the water, in the crust under the seafloor and at the receiver, respectively. J P is the P-wave geometrical spreading. The angles i w , i c and i r are the take-off angles of the ray in the water, in the medium under the seafloor and at the receiver, respectively. t P (x s , x r ) is the P-wave traveltime between the source at x s and the receiver at x r . The term [cos (i r ) cos (i w )] is the product of the vertical components of the P-wave polarization vectors at the receiver and at the source, respectively. The factor 2 ahead is due to the fact that the source is on the sea surface.
The second term is the product of the source excitation term, the geometrical spreading term and the coefficientT O P , which is the energy normalized P-wave displacement transmission coefficient at the seafloor. This coefficient is given by:
where T P is the P-wave displacement transmission coefficient related to the P-wave potential transmission coefficient T P , introduced in eq. (3), through the relation T P = T P αw αc . In a spherically layered earth model, the geometrical spreading J P is given by: where r w and r r are the radius at the source and at the receiver, respectively. is the great circle distance between the source and the receiver, measured in radians. The ray parameter p = r sin (i)/α is constant for P-wave rays in spherically layered models. We can write the vertical displacement (A1) as: 
where d dp is the geometrical spreading corresponding to P-wave propagation in a spherically layered earth model without water layer at the top of the model (i.e. the source is located at the top of the crust layer). To obtain eq. (A2), we set r w = r E , where r E is the Earth radius, and we assume that the ray parameter does not change by considering the source at the top of the crust layer. In order to take into account the ocean site effect, the transmission coefficient T P has to be replaced by C P , given by eq. (3), in expression (A2).
If the P-wave ray path between the source and the receiver goes through discontinuities inside the earth, eq. (A2) has to be multiplied by the product of the normalized P-wave transmission coefficients corresponding to all these discontinuities. This product is denoted byT E P . For the epicentral distance of 73
• ,T E P is around 0.96. Considering the receiver located on the crust free surface, the first term cos (i r ) in eq. (A2) has to be replaced by c r (i r ), where c r (i r ) is the free-surface site effect at the receiver for the vertical displacement due to an incident P wave: 
